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Quantum coherence and interference effects in atomic and molecular physics has been extensively
studied due to intriguing counterintuitive physics and potential important applications. Here we
present one such application of using quantum coherence to generate and enhance gain in extreme
ultra-violet(XUV)(@58.4nm in Helium) and infra-red(@794.76nm in Rubidium) regime of electromag-
netic radiation. We show that using moderate external coherent drive, a substantial enhancement in
the energy of the lasing pulse can be achieved under optimal conditions. We also discuss the role of
coherence. The present paper is intended to be pedagogical on this subject of coherence-enhanced
lasing.
PACS numbers: 42.65.-k, 42.65.Ky, 42.50.Lc
I. INTRODUCTION
Interaction of light with matter is a fundamental ar-
eas of research in quantum optics and atomic physics.
Quantum coherence and interference[1] has led to many
novel effects[2] for e.g. coherent population trap-
ping [3–5], amplification or lasing without popula-
tion inversion(LWI) [6–9], ultraslow light [10–12], en-
hancement of refractive index without absorption [13–
16], highly sensitive magnetometry [17, 18], coherent
Raman umklappscattering[19], high resolution nonlin-
ear spectroscopy[20, 21], sensing nanoscale molecu-
lar complexes[22], photodesorption[23], bridging quan-
tum optics with position dependent mass Schrodinger
equation(PDMSE)[24] etc. Recent experimental and
theoretical studies have also provided support for the
hypothesis that even biological systems use quantum
coherence[25–27]. Nearly perfect excitation energy
transfer in photosynthesis is an excellent example of this.
Furthermore, during the past decade study of quantum
interference(QI) effects has been extended to tailored
semiconductor nanostructures like quantum wells and
dots due to coherent resonant tunneling owing to their
potential applications in photo-detection [28, 29], las-
ing [30, 31], quantum computing and quantum circuitry
[32, 33], optical modulator[38]. Generally these coher-
ence are generated using coherent source (laser) to ma-
nipulate the optical response of the system. But coher-
ences can also be induced by vacuum also know as vac-
uum induced coherence (VIC)[34]. Interplay between
the coherence generated by laser + microwave source has
also been studied in regard to microwave controlled elec-
tromagnetically induced transparency[35], four-wave
mixing[36], Raman and SubRaman generation[37] etc.
Recently quantum coherence effects has extended
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its domain to plasmonics with a recent proposal of
coherence-enhanced spaser[39] and propagation of sur-
face plasmon polaritons[40]. Coherent control in plas-
monics will definite add a new dimension to the field of
nanophotonics. On one hand quantum coherence effects
in quantum optics and atomic physics is a subject of in-
tense theoretical and experimental investigation while
on the other hand its effect in human brain has been a
topic of debate and discussion[41].
Coherent excitation in two-level system, studied by
Mollow[42], brought interesting features in the reso-
nance fluorescence spectrum which was later confirmed
by the beautiful experiment[43]. A counterpart of the
Mollow’s triplet[42] was observed with incoherent ex-
citation in a cavity by Valle and Laussy[44] where they
showed that the strong-coupling between the cavity and
the emitter generates the necessary coherence required.
For multi-level system the coherence can be easily gener-
ated by coupling the upper-level to an adjacent level with
a coherent electromagnetic field. Recently Scully[45]
extended the idea of coherence effects to solar photo-
voltaic cells and showed that such devices can benefit
from quantum boost. In fact this coherence in solar cells
can be generated by an external source like microwave
radiation source or by noise-induced quantum interfer-
ence which is essentially different from the former which
costs energy[46, 47].
Although numerous theoretical and experimental
studies of coherence effects have been performed, there
are still open areas to be explored. For example, quan-
tum coherence and interference which plays a key role
in LWI as shown extensively in the literature, the burn-
ing question we always ask: Can it be used as a tool
for enhancing the gain in the X-Ray/XUV regimes of elec-
tromagnetic radiation? A realistic approach in this area
may open a door for the development of more power-
ful lasers in the wavelength down to “water window” .
One approach was proposed by Scully[48] in which it
was shown that intense short pulses XUV radiations can
be produced by cooperative spontaneous emission or
Dicke superradiance[49] from visible or IR pulses. Later
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2on we also proposed using coherence to generate[50] and
enhance [51] gain in XUV regime with Helium, Helium-
like Carbon, Boron as our gain medium. A unique way
to accomplish effective unidirectional excitation using
bi-directional source was discussed in Ref.[52] to boost
gain in the XUV regime.
In this paper we review and extend the approach of
applying a strong driving field on an adjacent transition
to the lasing transition to enhance gain and show that
gain can be substantially (more than an order of mag-
nitude) increased under optimal conditions. Here we
have discussed two regimes, transient and steady-state,
for coherence enhanced lasing. We have considered las-
ing on extreme ultra-violet(XUV) transition of Helium
and D1 transition of Rubidium in the transient and the
steady-state regimes respectively.
This paper is organized as follows. In section II, we
discuss the inversion requirement for lasing in the two-
level emitter based gain medium. In section III we dis-
cuss the effect of coherent drive on gain for three-level
emitter in Λ-configuration(see Fig. 2) with initial popu-
lation inversion(%aa(0) + %cc(0) > %bb(0)) in the two limits
of ratio between the spontaneous decay rate on the drive
transition(γc) and the lasing transition(γb), (a) γc  γb
and (b) γc  γb. In section IV we consider Rubidium
laser at D1 transition and study the effect of coherent
drive on the output energy in the steady-state regime.
In section V, we present the discussion and conclusions.
We have included appendices to discuss (a) Backward Vs
Forward gain for three-level emitter based gain medium
with initial population inversion, (b) Λ-configuration
with bi-directional incoherent pump between the lower
to (dipole forbidden transition), (c) Ξ-configuration with
uni-directional incoherent pump from lower level |b〉 to
uppermost level |c〉, (d) brief review of vacuum-induced
coherence between two-levels and (e) brief discussion
of density matrix vs rate equations for two-level atom
excited by an external coherent source.
II. TWO-LEVEL QUANTUM EMITTER BASED GAIN
MEDIUM
Let us consider the simplest yet important system in
laser physics i.e a two-level quantum emitters (semi-
conductor quantum dots, atoms, molecules, rare-earth
ions) interacting with a single mode radiation field of
frequency ν. Let |a〉 and |b〉 represent the upper and
the lower levels of the emitter with energy ~ωa and ~ωb
respectively (as shown in Fig.(1)). We will study our
system (emitter+field) in semi-classical approximation
in which we treat the emitter as quantum mechanical
and the field classically. To describe the the emitter re-
sponse we will use the density matrix formalism. For
the two-level medium the evolution of the density ma-
trix elements %i j takes the form [2]
%˙aa = ra − (γb + γ0)%aa + r%bb − i
(
Ω∗b%ab −Ωb%∗ab
)
, (1)
Ω
FIG. 1: Two-level quantum emitter interacting with a coherent
field. Field Ωb couples the level |a〉 and |b〉. Level |a〉 decays to
|b〉 with a rate γb due to spontaneous emission while there is
an incoherent unidirectional pumping r from |b〉 to |a〉. ra and
rb are the pumping rate into the levels |a〉 and |b〉 respectively.
γ0 is the decay rate out of the levels |a〉 and |b〉.
%˙bb = rb + γb%aa − (r + γ0)%bb + i
(
Ω∗b%ab −Ωb%∗ab
)
, (2)
%˙ab = −Γab%ab − iΩb (%aa − %bb) , (3)
whereγb is the spontaneous decay rate |a〉 → |b〉, Ωb is the
Rabi frequency for the radiation field. Γab = γab + i∆b is
the total relaxation rate of the optical coherence which in-
cludes spontaneous emission, incoherent pumping, col-
lisions, detunings etc. Also γab = γ0 + (γb + r)/2 + γ
p
ab
where γpab is the purely phase relaxation and r is the rate
of incoherent pump from |b〉 → |a〉. ra and rb are the
pumping rate into the levels |a〉 and |b〉 respectively. γ0
is the decay rate out of the levels |a〉 and |b〉. In the weak
probe field regime where the population of the levels do
not depend on the field Ωb. In the this limit, the steady
state (%˙i j = 0) populations %aa and %bb are given by
%(0)aa =
ra(r + γ0) + rbr
γ0(r + γb + γ0)
, (4)
%(0)bb =
rb(γb + γ0) + raγb
γ0(r + γb + γ0)
. (5)
Solving for %ab we obtain,
%ab = −iΩb
Γab
(
%(0)aa − %(0)bb
)
. (6)
The inversion defined as W = %(0)aa − %(0)bb is not reached if
%(0)aa < %
(0)
bb which requires
γ0(ra − rb) < (γb − r)(ra + rb). (7)
When we do not consider any pumping into or out of the
level, i.e ra, rb, γ0 = 0, and the population is conserved
i.e %aa + %bb = 1, the emitter does not show population
inversion in the steady-state if incoherent pump rate r
3is less than the spontaneous decay rate γb. Using the
definition of linear susceptibility we obtain
χ(1) = −i 3
8pi2
Nλ3γb
(
%(0)aa − %(0)bb
)
Γab
. (8)
The imaginary part of the complex susceptibility is given
by
Imχ(1) = − 3
8pi2
Nλ3γbγab
%(0)aa − %(0)bbγ2ab + ∆2
 . (9)
The weak field Ωb will be amplified if Imχ < 0. Thus
from Eq.(9), we obtain the necessary condition for gain
as
%(0)aa > %
(0)
bb . (10)
Equation (10) is also known as population inversion
condition for two-level system. It is worth mentioning
here that Mollow gain[53] (or hyper-Raman, or three-
photon gain) can be obtained for two level system even
in the absence of population inversion in the bare ba-
sis. In fact this process does not require any popula-
tion in the upper level. Here two pump photons are
absorbed while a probe photon is emitted. Mollow
gain is a Raman-like process where the energy is trans-
ferred from the pump to the probe beam and thus it
is different from amplification without inversion (AWI)
where we are interested in extraction of energy from
the medium. For phase effects in these hyper-Raman
process in effective two-level system and using phase
jump to control the excitation the readers are suggested
the experimental[54, 55] and theoretical[56, 57] papers
respectively. It is worth mentioning here that exact solu-
tions for the transient probability amplitudes Ca,b(t) for
two-level atoms interacting with ultra-short pulses can
be obtained analytically[58, 59].
III. COHERENCE-ENHANCED LASING I: TRANSIENT
REGIME
A. Three-level quantum emitter based gain medium
In the previous section we briefly reviewed the pop-
ulation inversion condition required for lasing in two-
level emitter based gain medium. If we add another level
to the emitter, the physics of the light-matter interaction
becomes rich and has opened the door for many coun-
terintuitive physics with vast application. In this section
we will review the concept of coherence-enhanced lasing
in transient regime as discussed in Ref.[51].
Let us consider the three-level quantum emitter in
Lambda (Λ) configuration. Here for the sake of sim-
plicity consider the gain medium as three-level atoms in
which the transitions |a〉 ↔ |c〉 and |a〉 ↔ |b〉 are electric-
dipole allowed but the transition |c〉 ↔ |b〉 is electric-
dipole forbidden [see Fig. 2] due to selection rule based
Ω
Ω
c
c
b
b
∆c ∆a
b
aΩa
Ωb
(a) (b)
FIG. 2: Three-level atomic system in (a) Λ and (b) Ξ configura-
tions.
on parity. We will assume that at the initial moment of
time the population is distributed between levels |a〉 and
|b〉 only i.e %aa(0)+%bb(0) = 1. Any initial population in the
level |c〉 is not a part of the gain medium in the absence of
the drive field. Transition |a〉 ↔ |c〉 is driven in resonance
with the Rabi frequency Ωc. We investigate how a weak
laser seed pulse at the |a〉 ↔ |b〉 transition evolves during
its propagation through the medium. The Hamiltonian
in the interaction picture can be written as
V = ∆c|c〉〈c| − [(Ωb |a〉〈b| + Ωc |a〉〈c|) + H.c], (11)
The spontaneous decay in the channels ac and ab are
quantified by the rate γc and γb respectively. Incorpo-
rating these decay rates, the equation of motion for the
atomic density matrix is given as
%˙ = −i[V, %] + γb
2
(
[σb, %σ†b] + [σb%, σ
†
b]
)
+
γc
2
(
[σc, %σ†c ] + [σc%, σ†c ]
) (12)
where,
σb = |b〉〈a| , σ†b = |a〉〈b| , and σc = |c〉〈a| , σ†c = |a〉〈c| , (13)
Here Ωb and Ωc are the Rabi frequencies of the probe and
drive fields respectively. Evolution of the atomic density
matrix %i j is described by the set of coupled equations [2]
%˙ab = −Γab%ab − iΩb(%aa − %bb) + iΩc%cb, (14)
%˙cb = −Γcb%cb + i(Ω∗c%ab −Ωb%∗ac), (15)
%˙ac = −Γac%ac − iΩc(%aa − %cc) + iΩb%∗cb, (16)
%˙bb = γb%aa + i
(
Ω∗b%ab −Ωb%∗ab
)
, (17)
%˙cc = γc%aa + i(Ω∗c%ac −Ωc%∗ac), (18)
4%aa + %bb + %cc = 1, (19)
where Γab = (γc + γb)/2,Γac = (γc + γb)/2 + i∆c,Γcb = −i∆c
are the relaxation rates of the off-diagonal elements of the
atomic density matrix. Here we assume that the spon-
taneous decay rate on the drive transition (|a〉 → |c〉) is
much larger than the probe transition (|a〉 → |b〉). In this
limit, the coherent drive will redistribute the population
between the two-levels |a〉 and |c〉 and induce a non-zero
coherence between them. For simplicity we will assume
that the drive field is so strong that any variation can
neglected i.e Ωc =const (a real number), Ωb is very small
and the drive transition is excited resonantly (∆a = 0). In
this limit we can find analytical expression for the coher-
ence %¯ac and the populations %¯ii. The equation of motion
is given as (putting γb = 0)
%˙cc = γc%aa + iΩc(%ac − c.c), (20)
%˙ac = −Γac%ac − iΩc(%aa − %cc). (21)
%aa + %cc = %aa(0), (22)
The steady state solution (%¯i j) can be easily obtained
as[51]
%¯aa =
4Ω2c
γ2c + 8Ω2c
%aa(0), (23)
%¯cc =
γ2c + 4Ω2c
γ2c + 8Ω2c
%aa(0), (24)
%¯ac =
2iγcΩc
γ2c + 8Ω2c
%aa(0), (25)
where %aa(0) is the initial population of the level |a〉. Evo-
lution of the weak laser pulse Ωb is described by the
coupled Maxwell-Schrodinger equations
∂Ωb
∂z
+
1
c
∂Ωb
∂t
= iηab%ab, (26)
%˙ab = −Γab%ab − iΩb(%¯aa − %¯bb) + iΩc%cb (27)
%˙cb = i(Ωc%ab −Ωb%∗ac). (28)
where ηab = (3/8pi)Nλ2abγb is the coupling constant, N
is the atomic density and λab is the wavelength of the
|a〉 ↔ |b〉 transition. Here we also assumed that the drive
transition has been excited resonantly (∆c = 0). Next
we move to find the dispersion relation by looking for
solution of Eqs. (26-28) in the form
Ωb(t, z) ∼ ei∆bt−ikbz (29)
%ab(t, z) ∼ ei∆bt−ikbz (30)
%cb(t, z) ∼ ei∆bt−ikbz (31)
which yields(
∆2b −Ω2c −
iγc∆b
2
)
(ckb − ∆b) + c∆bηab(%¯bb − %¯aa)
+cηabΩc%¯ac = 0,
(32)
here ∆b is the detuning of the laser pulse frequency from
the |a〉 ↔ |b〉 transition frequency. Now the imaginary
part of kb determines the gain (absorption) and takes the
form
Im(kb) = ηab
γc∆2b(%¯aa − %¯bb)/2 + Ωc
(
Ω2c − ∆2b
)
Im(%¯ac)(
∆2b −Ω2c
)2
+ (γc∆b/2)2
.
(33)
In particular, for the mode resonant with the |a〉 ↔ |b〉
transition ∆b = 0 and we obtain
G = Im(kb) =
ηab
Ωc
Im(%¯ac). (34)
When we look at the expression for %¯ac, according to Eq.
(25), Im(%¯ac) > 0 which implies that we have gain in this
configuration even when we have very little population
in the upper level |a〉. Next we will study the regime in
which the spontaneous decay rate on the drive transition
(|a〉 → |c〉) is much smaller than the probe transition
(|a〉 → |b〉). In this limit we have to consider the transient
behavior of the populations and coherences to study the
gain.
Before we discuss this scenario let us briefly review
the essence of gain in transient regime. The equations
of motion for the density matrix element %ab is given by
Eq.(14), which in the steady-state gives
Γab=[%¯ab] = −iΩb(%¯aa − %¯bb) + iΩc%¯cb (35)
where %¯i j is the steady-state value of the density matrix
elements %i j. Now let us draw some general conclu-
sions from the density matrix equations. From Eq.(35) it
appears that, for two-level model i.e Ωc = 0, amplifica-
tion condition
(=[%¯ab] < 0) requires population inversion
%¯aa > %¯bb. On the other hand for three-level system for
sufficiently negative Ωc %¯cb, the necessary condition for
the probe transition |a〉 ↔ |b〉 to exhibit amplification can
be satisfied even without population inversion. If we
look at the evolution equation for the population in level
|b〉,
2Ωb=[%ab] = γb%aa − ∂%bb∂t (36)
Amplification condition (=[%ab] < 0), reduces Eq.(36) to
γb%aa <
∂%bb
∂t
(37)
5%cc(0) = 0.55, %aa(0) = 0.45
G
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FIG. 3: Plot of the gainGab(t) as function of normalized time γct.
Solid line (Blue) is for initial Raman Inversion i.e %cc(0) > %bb(0)
while the dashed line (Green) is for zero initial Raman inversion
i.e %bb(0) = %cc(0) and dashed dot line (Brown) is for initial no
Raman inversion i.e %cc(0) < %bb(0). The common parameters
taken are γc = 1, γb = 0.2,Ωc = 3,Ωb = 0.01, %aa(0) = 0. For
initial Raman inverted medium %cc(0) = 0.55, %bb(0) = 0.45 and
%cc(0) = 0.45, %bb(0) = 0.55 for non-inverted case. We have
normalized the rates and Rabi frequencies with respect to the
decay rate on the drive transition |a〉 → |c〉.
From Eq.(37) we conclude that in transient regime, the
probe transition exhibits amplification when the tran-
sient growth of the population in level |b〉 exceeds due
to the incoherent radiative decay |a〉 → |b〉. Thus a net
amplification can be realized in during the time of inter-
action t iff [60]
%bb(t) > %bb(0) − γb
∫ t
0
%aa(t′)dt′ (38)
In steady-state Eq.(37) can never be satisfied but it can
be realized in the transient regime [50, 60]. To quantify
the gain(absorption) profile for the lasing transition, we
analyze the parameter Gab(t) defined as
Gab(t) = − 38piNλ
2
bγb
Im%ab(t)
Ωb
(39)
Here N is the number density of atom (ions) and λb
is the wavelength corresponding to |a〉 → |b〉 transi-
tion. In general Gab(t) is an oscillatory function of t.
When Gab(t) > 0, the probe pulse will enhance while for
Gab(t) < 0 it will experience attenuation. In Fig. 3, we
have plotted Gab(t) for three choices of Raman inversion
(positive, zero, and negative) respectively.
In the limitγb  γc we can find approximate analytical
expression for the temporal evolution of the coherence
%ac and the populations %i j for a weak probe field Ωb and
strong drive field. We obtain the solutions as
%aa = e−γbt/2%aa(0)
{
sin2(Ωct) + cos(2Ωct)
− γb
4Ωc
sin(2Ωct)
}
,
(40)
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FIG. 4: Inversion W(t) in the probe transition (a↔ b) vs time t.
Dashed black curve shows the result for Ωc = 5γb while solid
red curve is obtained with no drive. For numerical simulation
we used γc = 1.1 × 10−3γb and the initial condition %aa(0) = 0.8,
%bb(0) = 0.2, %cc(0) = %ac(0) = %ab(0) = 0.
%cc = e−γbt/2%aa(0) sin2(Ωct), (41)
%ac = ie−γbt/2%aa(0) sin(Ωct)
{ γb
4Ωc
sin(Ωct)
− cos(Ωct)} .
(42)
Defining the population inversion W(t) = %aa(t) − %bb(t)
we obtain the expression
W(t) =
%aa(0)
2
e−γbt/2 [3 + cos(2Ωct)−
γb
Ωc
sin(2Ωct)
]
− 1.
(43)
In Fig. 4 we plot the population difference W(t) as a
function of time for initial conditions %aa(0) = 0.8, %bb(0) =
0.2 and %cc(0) = 0. Solid line is obtained for Ωc = 5γb
while for dashed line Ωc = 0. Driving the |a〉 ↔ |c〉
transition yields oscillations in the population difference
between |a〉 and |b〉 levels. The oscillations are due to the
population oscillating between the levels |a〉 and |c〉 in
the presence of the coherent drive.
B. Helium as the gain medium
Next we solve Eqs. (14)-(19) and (26) numerically and
obtain evolution of the probe laser pulse Ωb(t, z) when
the |a〉 ↔ |c〉 transition is driven by a constant coherent
field Ωc. We perform simulations for the initial condition
%aa(0) = 0.8, %bb(0) = 0.2, %cc(0) = 0 and take η/γb = 40.75
cm−1 and γc = 1.1 × 10−3γb. As an example, we consider
He for which states 21S0 (|c〉− level), 21P1 (|a〉−level) and
the ground state 11S0 (|b〉−level) form Λ−scheme [see
Fig. 5]. The model parameters are λab = 58.4 nm, λac =
2059 nm, γc = 2×106 s−1 and γb = 1.82×109 s−1. Then for
ion density N = 1018 cm−3 we obtain η/γb = 40.75 cm−1.
6Lasing transition
58.4 nm
c= 2 x 10
6s-1
Ωc2059 nmc
a
b
c2  S
1
2  P1
1  S1 0
b
9s-1
58.4 nm
c= 1.83 x 10
7s-1 Ωc
728.3 nm
a
b
c 3   S1
2  P1
1  S1 0
1
= 1.82 x 10
1
b
9s-1= 1.82 x 10
c
FIG. 5: Energy level diagram of He atom in Λ (left) and Ξ
configurations (right) respectively. Lasing at 58.4nm can be
enhanced using a coherent drive at 2059nm(Λ-configuration)
or 728.3nm(Ξ-configuration)[51]
We assume that input probe laser pulse has a Gaussian
shape
Ωb(t, z = 0) = 0.01 exp
− (γbt − 0.120.05
)2γb. (44)
During propagation of the weak laser pulse through the
medium the atomic population spontaneously decays
into the ground state. After a certain time the medium is
no longer inverted and the laser pulse begins to attenu-
ate. Thus, there is an optimum length of the atomic sam-
ple which yields maximum enhancement of the pulse
energy. For the optimum length the pulse leaves the
medium at the onset of absorption. In Fig. 6 we plot the
ratio of the output pulse energy to the input energy as a
function of the sample length for three choices of exter-
nal drive. We find that optimum length corresponding to
maximum output energy without any drive is L0 ' 4.25
cm. This optimum value depends on the initial popu-
lation inversion and the decay rates. At this optimum
length the ratio of the output to the input probe field
energy is ∼ 1.42 × 103. In the presence of drive field
Ωc = 12.6 × 109s−1, this ratio at the propagation length
(L0) optimum for two level configuration increases to
5.81×103. Hence we see that coherent drive can increase
the energy of the XUV lasing field by 4-fold. To optimize
this enhancement with respect to the drive field, but keep
the sample length to be L0 = 4.25 cm, we have plotted
the ratio of the output to input energy as a function of
Rabi frequency of the drive field. However its worth to
mention that this length L0 does not corresponds to the
maximum gain for three-level system as clear from dot-
ted circles which corresponds to optimum propagation
length in Fig. 7.
In Fig. 7 we plot the ratio of the output laser pulse
energy (at z = L0) to the input energy (at z = 0) as a func-
tion of strength of the driving field Ωc. One can see that
in the presence of coherent drive the output pulse en-
ergy oscillates as a function of Ωc and for some optimum
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FIG. 6: Ratio of the output energy to the input energy of the
probe laser pulse as a function of sample length L with three
choices of drive Rabi frequency Ωc = 0, 9 and 12.6 × 109s−1. In
numerical simulations we take γc = 1.1 × 10−3γb, η/γb = 40.75
cm−1 and assume Gaussian initial probe pulse shape given by
Eq. (44). Initial populations are %aa(0) = 0.8, %bb(0) = 0.2 and
%cc(0) = 0, while initial coherences are equal to zero.
value of Ωc we observed 4-fold enhancement with drive
with respect to no drive. The coherent drive change the
dynamics of the system in two ways (a) it redestributes
the population between the upper two levels and (b)
induce Raman coherence %cb which is the key to any las-
ing without inversion(LWI) schemes. For 0 < Ωc < 2,
the drive effectively acts as an incoherent pump i.e de-
populating the upper level |a〉 → |c〉 and the ratio goes
down from 1.41 × 103(Ωc = 0) to 4.84 × 101(Ωc = 2).
After Ωc > 2 the ratio starts to increase and goes back
to the value of 1.42 × 103 at Ωc ' 4.625. Beyond this
value of Ωc, the ratio further increases and reach the
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FIG. 7: (a) Ratio of the output energy to the input energy of
the probe laser pulse as a function of the driving field Rabi
frequency Ωc. The ratio is ∼ 1.42 × 104 at Ωc = 0. In nu-
merical simulations we take γc = 1.1 × 10−3γb, η/γb = 40.75
cm−1 and assume Gaussian initial probe pulse shape given by
Eq. (44). The length of the sample is L = 4.25 cm, while
the initial populations are %aa(0) = 0.8, %bb(0) = 0.2, %cc(0) = 0
and %ac(0) = %ab(0) = 0. Other curves corresponds to different
choices of the dephasing rates γph = 1.8, 3.6, 5.4 and 7.2×108s−1.
7global maxima 5.80 × 103 at Ωc ∼ 7.25 thus an enhance-
ment of 4-fold with respect to no drive Ωc = 0. For
7.25 < Ωc < 14.625 the ratio shows similar behavior with
the local minima of 4.19 × 101(Ωc = 10.625) and local
maxima 3.78 × 103(Ωc = 14.625). Thus, coherent drive
can increase the laser pulse output energy as compared
to the pulse energy with no drive. We have also plotted
the ratio when we phenomenologically add a dephas-
ing term (due to collision, inhomogeneous broadening
etc) to the coherence for different values of γph. We see
that the enhancement factor decreases with increasing
dephasing rate and at γph ' 109s−1 we do not see any
enhancement due to drive. Thus, one has to cleverly
reduce the dephasing rate to observe the nice coherence
enhanced lasing in XUV regime.
IV. COHERENCE-ENHANCED LASING II:
STEADY-STATE REGIME
In this second part of the paper, we will study
coherence-enhanced lasing in steady-state regime. We
will begin with the generic three-level scheme as shown
in Fig. 2(b) i.e emitter in the Cascade/Ladder configura-
tion. Let us also assume an incoherent pump from the
ground level |b〉 to the intermediate level |a〉. Transition
|c〉 ↔ |a〉 is driven in off-resonance by the drive field. The
Hamiltonian in the interaction picture can be written as
V = ∆a|c〉〈c| − [(Ωb |a〉〈b| + Ωc |a〉〈c|) + H.c], (45)
The spontaneous decay in the channels ac and ab are
quantified by the rate γa and γb respectively. Incorpo-
rating these decay rates, the equation of motion for the
atomic density matrix is given as
%˙ = −i[V, %] + γb
2
(
[σb, ρσ†b] + [σbρ, σ
†
b]
)
+
γa
2
(
[σa, ρσ†a] + [σaρ, σ†a]
) (46)
where,
σb = |b〉〈a| , σ†b = |a〉〈b| , and σa = |a〉〈c| , σ†a = |c〉〈a| , (47)
Here Ωb and Ωa are the Rabi frequencies of the probe and
drive fields respectively. Evolution of the atomic density
matrix %i j is described by the set of coupled equations [2]
%˙ab = −Γab%ab − iΩb(%aa − %bb) + iΩ∗a%cb, (48)
%˙cb = −Γcb%cb + iΩa%ab − iΩb%ca, (49)
%˙ca = −Γca%ca − iΩa(%cc − %aa) − iΩ∗b%cb, (50)
%˙bb = γb%aa + i
(
Ω∗b%ab −Ωb%∗ab
)
, (51)
%˙cc = −γa%cc − i(Ω∗a%ca −Ωa%∗ca), (52)
%aa + %bb + %cc = 1, (53)
where Γab = (γc + γb)/2,Γac = (γc + γb)/2 + i∆a,Γcb =
γa/2 + i∆a are the relaxation rates of the off-diagonal el-
ements of the atomic density matrix. The steady state
solutions of the off-diagonal elements of the density ma-
trix is calculated from Eqs. (48-50) by setting the time
derivatives terms to zero. Solving we get,
%¯ab = −iΩb
{
n¯ab(|Ωb|2 + ΓcbΓca) + n¯ca|Ωa|2
|Ωb|2Γab + (ΓcbΓab + |Ωa|2)Γca
}
, (54)
%¯cb = ΩbΩa
{
n¯abΓca − n¯caΓab
|Ωb|2Γab + (ΓcbΓab + |Ωa|2)Γca
}
, (55)
%¯ca = −iΩa
{
n¯ab|Ωb|2 + n¯ca(ΓcbΓab + |Ω|2)
|Ωb|2Γab + (ΓcbΓab + |Ωa|2)Γca
}
(56)
Using the condition Ωb << Ωa, further reduces Eqs.(54-
56) to,
%(1)ab = −iΩb
n
(0)
ab ΓcbΓca + n
(0)
ca |Ωa|2
(ΓcbΓab + |Ωa|2)Γca
 , (57)
%(1)cb = ΩbΩa
 n
(0)
ab Γca + n
(0)
ca Γab
(ΓcbΓab + |Ωa|2)Γca
 , (58)
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FIG. 8: Plot of -Im[%ab]/Ωb as a function of the detuning ∆a
for different values of the drive Rabi frequency Ωa. In (a) we
have we assume incoherent pump from the lower level |b〉 → |c〉
while in (b) we considered the incoherent pump from the lower
level |b〉 → |a〉. The dashed line corresponds to no drive Ωa = 0.
8σ(1)ca = −iΩa
n(0)caΓca
 (59)
where n(0)i j = %
(0)
ii − %(0)j j . Here, %(0)ii is the population of the
level |i〉 where we keep the probe field Ωb to its lowest
order while we keep all the terms for the drive field Ωa.
Here we have considered to scenario of unidirectional
pump from (a) |b〉 → |c〉 and (b) |b〉 → |a〉.
In Fig.(8) we plot the imaginary part of %ab for the
two scenarios mentioned above. When we incoher-
ently pump to the upper level |c〉, we observed gain
enhancement when we apply moderate but not strong
drive. For eg when Ωa = 1, and ∆a = 0, the gain ∝
-Im%ab/Ωb is enhanced by 6-fold. By introducing detun-
ing on the drive transition this enhancement decreases.
When 15/8 < ∆a < 33/10 the gain switches its sign and
we observe loss. Thus the gain medium becomes absorp-
tive for appropriate range of detuning ∆a and can be tune
back to show gain beyond this range. For ∆a > 33/10,
transition |a〉 ↔ |b〉 shows gain and reaches the value of
gain with no drive at large detuning. Similar behavior
(qualitatively) is also seen at other drive Rabi-frequency.
On the other hand when we apply incoherent pump
to the level |a〉 and the drive field is detuned, the gain
with Ωa , 0 is lower than no drive as shown in Fig.8(b).
When the detuning is further increased the gain reaches
asymptotically to no drive gain. The dashed line in Figs.
8 corresponds to gain without drive, which should be
immune to detuning as shown by constant value while
varying ∆a.
A. Rubidium Laser
The level structure for the Rubidium laser (D1line) is
shown in Fig. 9. In the last section we discussed coher-
ence enhanced lasing in Helium in the transient regime,
here we will show that in the presence of the drive field
Ωa gain on the lasing transition (D1line) can be enhanced
substantially even in the presence of a strong dephasing
rate γph. Detailed analysis of Rubidium laser, and the
conditions under which lasing action can be achieved
on (D1) transition ha been discussed in[61].
One important condition to achieve population inver-
sion on the lasing transition is that the rate of popula-
tion exchange between 52P3/2 and 52P1/2 should be much
faster than the rate of spontaneous decay from the level
5P→ 5S. The transition 52P3/2 → 52P1/2 is electric dipole
forbidden, hence the population exchange is achieved
using collisions with buffer gas. Here in this section we
have assumed He as the buffer gas. The excitation trans-
fer cross-section for Rb induced by collisions with rare
gas atoms and alkali metals can be found in[62].
We have modeled our gain medium as a four-level
system as shown in Fig. 9(b). We excite the transi-
tion |e〉 ↔ |b〉 by a pump laser Ωe and the population
between the dipole forbidden transition is exchanged
Ωb
Ω
Ωa
FIG. 9: (a) Energy level diagram of atomic Rubidium. Here we
have the dipole allowed transitions 52S1/2 ↔ 52P1/2 (D1)line
and 52S1/2 ↔ 52P3/2 (D2)line. The population between the
levels P1/2 and P3/2 are exchanged due to collisions by buffer-
ing the alkali vapor with other gasses like helium, ethane etc.
(b) Four-level model for coherence enhanced Rubidium laser.
Here couple the drive transition with a coherent field of Rabi
frequency Ωa. The Rabi-frequency of the pump and lasing
fields are Ωe and Ωb respectively.
via collisions with the buffer gas. In this paper we
have considered ethane as the buffer gas for which we
evaluated the collision rate as Rae = 4.383 × 108s−1 and
Rea = 3.245 × 108s−1. After ∼ 10ns the system reaches
steady-state with population inversion on the lasing
transition as shown in Fig.(10). The steady-state pop-
ulation inversion is n¯ab ' 0.06 but the overall population
inversion i.e %¯aa + %¯ee − %¯bb ' 0.369.
B. Steady State Gain
The equation of motion for the density matrix elements
%i j are given as,
%˙ab = −Γab%ab − iΩb(%aa − %bb) + iΩ∗a%cb − iΩe%∗ea, (60)
%˙ca = −Γca%ca − iΩa(%cc − %aa) − iΩ∗b%cb, (61)
%˙eb = −Γeb%eb − iΩe(%ee − %bb) − iΩb%ea, (62)
%˙cb = −Γcb%cb + iΩa%ab − iΩb%ca − iΩe%ce, (63)
%˙ce = −Γce%ce + iΩa%∗ea − iΩ∗e%cb, (64)
%˙ea = −Γea%ea + iΩe%∗ab − iΩ∗b%eb − iΩa%∗ce. (65)
The population terms is given as
%˙aa = − (γb + Rae)%aa + Rea%ee + γa%cc
+ i(Ω∗a%ca −Ωa%∗ca) − i(Ω∗b%ab −Ωb%∗ab),
(66)
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FIG. 10: Temporal evolution of the populations of the level |a〉
(solid black line) and lower level |b〉 (dashed red) of the lasing
transition in the absence of the drive field Ωa. For numeri-
cal simulation we used R˜ea = 1, R˜ae = 0.74, γ˜b = 0.085, γ˜e =
0.087, γ˜a = 0.0085, Ω˜b = 0.001, Ω˜e = 5. Here we have normal-
ized the decay rates and the Rabi frequencies to the population
transfer rate Rea which is an order of magnitude higher than
the spontaneous decay rates.
%˙bb = γb%aa+γe%ee+i(Ω∗b%ab−Ωb%∗ab)+i(Ω∗e%eb−Ωe%∗eb), (67)
%˙cc = −γa%cc − i(Ω∗a%ca −Ωa%∗ca), (68)
%˙ee = −(γe + Rea)%ee + Rae%aa − i(Ω∗e%eb −Ωe%∗eb), (69)
where,
Γca =
γa + γb + Rae
2
,Γce =
γa + γe + Rea
2
Γea =
γe + γb + Rae + Rea
2
, Γcb =
γa
2
,
Γeb =
γe + Rea
2
, Γab =
γb + Rea
2
(70)
Let us assume that all the fields are real and we keep the
probe field Ωb to the lowest order while we consider all
orders for the drive fields Ωe and Ωa [see Fig. 8(b)]. In
this limit, we obtain the coherence %(1)ab as
%(1)ab = −iΩb
n(0)abA + n(0)ca B − n(0)eb CD
 , (71)
where, the population inversion term n(0)i j = %
(0)
ii −%(0)j j and
the constants are defined as
A = ΓcaΓeb
[
Γcb(ΓceΓea + Ω2a) + ΓeaΩ
2
e
]
(72)
B = Γeb
[
ΓceΓea + Ω
2
a −Ω2e
]
Ω2a (73)
C = Γca
[
ΓcbΓce + Ω
2
e −Ω2a
]
Ω2e (74)
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FIG. 11: Plot of steady-state gain Gab as a function of the co-
herent drive Ω˜a for different values of the dephasing rate γ˜ph.
Other curves corresponds to different choices of the dephas-
ing rates γ˜ph = 0.0, 0.5, 1, 2, 10. Other parameters are same as
Fig.10.
D = ΓcaΓeb
[
(ΓabΓcb + Ω2a)(ΓceΓea + Ω
2
a)+
(ΓcbΓce + ΓabΓea − 2Ω2a)Ω2e + Ω4e
] (75)
It can be easily verified that we can obtain the known
results %(1)ab for cascade and Vee scheme. The zeroth order
population obtained from Eqs. (66-69) as
%(0)aa =
2Rea(ΓaΓca + 2Ω2a)Ω2e
M (76)
%(0)bb =
β[ReaγbΓeb + (Rae + γb)(γeΓeb + 2Ω2e )]
M (77)
%(0)cc =
2ReaΩ2aΩ2e
M (78)
%(0)ee =
2(Rae + γb)Ω2e
M (79)
where the constants β = (γaΓca + 2Ω2a) and M =
γaΓca
[
Rea(γbΓeb + 2Ω2e ) + (Rae + γb)(γeΓeb + 4Ω2e )
]
. In the
absence of the drive field Ω˜a, and strong pump field
Ωe  γe, γb,Rea,Rae we obtain
%(0)aa =
Rea
Rea + 2(Rae + γb)
, (80)
%(0)bb =
Rae + γb
Rea + 2(Rae + γb)
, (81)
%(0)ee =
Rae + γb
Rea + 2(Rae + γb)
, (82)
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FIG. 12: Plot of steady-state gain Gab as a function of the coher-
ent drive Ω˜a for different choices of the detuning ∆˜a = 1, 2, 3, 4.
Here ∆˜a normalized to the population transfer rate Rea. Other
parameters are same as Fig. 10.
The steady-state inversion (%(0)aa + %
(0)
ee − %(0)bb ) is given as,
Rae
Rea + 2(Rae + γb)
> 0 (83)
and also on the lasing transition (a↔ b) we obtain,
%(0)aa − %(0)bb =
Rea − Rae − γb
Rea + 2(Rae + γb)
, (84)
For inversion on the lasing transition we require Rea >
Rae + γb. This is a very crucial condition to keep in mind
while selecting appropriate buffer gas for population ex-
change between the upper levels |e〉 and |a〉. We have
also included here an appendix to review similar con-
ditions for three-level emitter in Lambda-configuration
with symmetric bi-directional pump for the convenience
of the readers.
Let us now study the effect of drive field Ω˜a on the
steady-state gainGab defined by Eq.(39). The result of the
numerical simulation of Eqs. (60-69) is shown in Fig. 11
in which we have shown the effect of the drive field on
the gain Gab. We see that in the presence of the drive
field we can enhance the gain by an order of magnitude
for Ω˜a ∼ 5. To emphasize the role of the coherence
we simulated Eqs. (60-69) in the presence of the several
dephasing rates γ˜ph and the results are shown in Fig 11.
We see that even when the dephasing rate is 20-fold
higher than the spontaneous decay rate in the lasing
transition, quantum coherence can still enhance the gain
by 2-fold.
In Fig.12 we have plotted the steady-state gain Gab de-
fined by Eq.(39) as a function of the coherent drive Ωa
for different choices of the detuning ∆˜a = 0, 1, 2, 3, 4. In-
terestingly the central peak splits into two peaks which
further move apart as we increase the detuning. The first
peak vanishes beyond ∆˜a = 5. The position of the peak
is also asymmetric with respect to the peak with zero de-
tuning (∆˜a = 0). We also observed that within the range
of parameters (drive detuning and drive Rabi-frequency)
used to simulate Fig.(12) there was no significant change
in the width of the second peak.
V. CONCLUSION
In this paper, we have studied one of the manifesta-
tion of quantum coherence effects in atomic physics. We
showed that quantum coherence and interference effects
can be used as a tool to enhance gain in both XUV and
infra-red wavelength under suitable conditions in tran-
sient and steady-state regimes respectively. We investi-
gated the role of coherence in substantial enhancement,
more than an order of magnitude, in the output energy
when compared to no drive model (Ωa = 0).
For transient regime we selected Helium atoms (lasing
at 58.4nm), initially prepared in the highly inverted state,
our gain medium. We optimized the propagation length
for a given population inversion by studying the energy
of the seed pulse with varying propagation length. At
the optimum length, the ratio of output to input en-
ergy is 1.41 × 103. At this optimum length we applied
a coherent drive (λa ∼ 2µm ) and optimized the drive
Rabi-frequency to enhance the gain. For moderate drive
we theoretically demonstrated a 4-fold enhancement in
the ratio. For steady-state regime, we selected Rubid-
ium atoms (lasing at 794.76nm) as our gain medium.
Here we observed more than an order of magnitude en-
hancement in the steady-state gain even when the phase
relaxation rates (dephasing) along with other decoher-
ence rates are 20-fold faster than the spontaneous decay
rate on the lasing transition. These results though seems
optimistic in the XUV regime, which is the main moti-
vation for this project, can provide a route to building
powerful laser if we can cleverly handle and reduce the
fast relaxation rates. A proof of principle experiment on
coherence-enhanced lasing with population inversion using
favorite atoms like alkali metals (Rb, Na, K) would be one way
to go.
With the recent proposals[39, 40] on extending the co-
herence effects to new domain of plasmonics has defini-
tively opened new prospects and challenges which has
been unexplored till now. Moreover optical control or
rather coherent control in plasmonics will add a new
dimension in nanophotonics.
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Appendix A: Backward Vs Forward Gain
In this paper have considered the evolution of the in-
jected seed pulse at z = 0 in the forward direction (with
respect to the driving laser). In this section we will briefly
discuss the evolution of an identical seed pulse injected
at in the backward direction at the end of the sample i.e
z = L along with the forward seed pulse. We will con-
sider the three-level system in Lambda configuration in
the limit γb  γc as shown in Fig. 2 and we drive the
transition a ↔ c by a field ~Ec. We also excite the transi-
tion a↔ b by a weak probe field ~Eb. We write the electric
field as,
~Ec(z, t) =
+c
2
[
E+c (z, t)eiθ+c + c.c
]
, (A1)
~E±b (z, t) =
±b
2
[
E±c (z, t)eiθ±c + c.c
]
, (A2)
where
θ+ = kz − νt, θ− = −kz − νt (A3)
Here (+) and (-) sign as the superscript means forward
and backward direction respectively. We can write the
off-diagonal term as
ρ˙ab = −ωabρab − i~℘ab · ~Eb(ρaa − ρbb) + i~℘ac · ~Ecρcb (A4)
ρ˙ac = −ωacρac − i~℘ac · ~Ec(ρaa − ρcc) + i~℘ab · ~Ebρ∗cb (A5)
ρ˙cb = −ωcbρcb − i~℘ab · ~Ebρ∗ac + i~℘ca · ~Ecρab (A6)
Let us make the following transformation
ρab = %
+
abe
iθ+1 + %−abe
iθ−1 , (A7)
ρac = %
+
ace
iθ+c , (A8)
ρcb = %
+
cbe
iθ+3 + %−cbe
iθ−3 , (A9)
where
θ±1 = θ
±
b ; θ
+
2 = θ
+
c ; θ
+
3 = θ
+
b − θ+c ; θ−3 = θ−b − θ+c (A10)
Using the transformation Eqs. (A7-A10) in Eqs. (A4-A6)
we obtain for the backward direction:
%˙−ab = −Γab%−ab − iΩ−b (%aa − %bb) + iΩc%−cb (A11)
%˙−cb = −Γcb%−cb − iΩ−b %+∗ac + iΩ∗c%−ab (A12)
and for the forward direction we obtain
%˙+ab = −Γab%+ab − iΩ+b (%aa − %bb) + iΩc%+cb (A13)
%˙+cb = −Γcb%+cb − iΩ+b %+∗ac + iΩ∗c%+ab (A14)
%˙+ac = −Γac%+ac − iΩc(%aa − %cc) + iΩ+b %+∗cb (A15)
The evolution of the population is given as
%˙aa = − (γb + γc)%aa − i(Ω+∗b %+ab −Ω+b %+∗ab ) − i(Ω−∗b %−ab
−Ω−b %−∗ab ) − i(Ω+∗c %+ac −Ω+c %+∗ac )
(A16)
%˙bb = γb%aa + i(Ω+∗b %
+
ab −Ω+b %+∗ab ) + i(Ω−∗b %−ab −Ω−b %−∗ab ) (A17)
%˙cc = γc%aa + i(Ω+∗c %+ac −Ω+c %+∗ac ) (A18)
From Eqs. (A16-A18) we see that the population equa-
tions are symmetric under the transformation + ↔ −,
hence the evolution of the injected (identical) seed pulse
at the respective ends of the sample will be the same.
If we can selectively destroy the coherence in the back-
ward direction (%−i j), keeping the forward coherence in-
tact, we can in principle get asymmetric results as dis-
cussed in [51]. In the opposite limit, than the results
reported in [51], greater energy in the backward direc-
tion will be beneficial in the sky laser physics[63].
Appendix B: Three-level lambda with bi-directional pump
Let us consider three-level emitter in Lambda (Λ) con-
figuration as shown in Fig.13. Here we have included
a bi-directional pump given by the rate r to exchange
population between the lower two levels. The evolution
of the density matrix elements %i j is described by the set
of coupled equations [2]:
%˙ab = −Γab%ab + iΩb(%bb − %aa) + iΩc%cb, (B1)
%˙cb = −Γcb%cb + i(Ω∗c%ab −Ωb%∗ac), (B2)
%˙ac = −Γac%ac − iΩc(%aa − %cc) + iΩb%∗cb, (B3)
%˙bb = r%cc − r%bb + γb%aa + i
(
Ω∗b%ab + Ωb%
∗
ab
)
, (B4)
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FIG. 13: Three-level atomic system in Λ−configuration. Here
we have included a bi-directional pump given by the rate r to
exchange population between the lower two levels
%˙cc = −r%cc + r%bb + γc%aa + i(Ω∗c%ac −Ωc%∗ac), (B5)
%aa + %bb + %cc = 1. (B6)
where Γi j = Γ∗i j,Γab = Γac = (γb + γc)/2 and Γcb = r. Here
Ωb and Ωc are the Rabi frequencies of the probe and
driving field respectively. Γi j is the relaxation rates of the
off-diagonal terms %i j. Similar to the two-level system,
we obtained the steady-state (long time limit) solution
for the populations %ll in the weak probe field and Ωc is
real,
%(0)aa =
2Ω2cr
Q , (B7)
%(0)bb =
(γb + γc)rΓca + 2(γb + r)Ω2c
Q , (B8)
%(0)cc =
(γb + γc)rΓca + 2rΩ2c
Q , (B9)
where Q = 2r(γb + γc)Γca + 2(γb + 3r)Ω2c . Population
inversion can be calculated from Eq.(18-20) as,
W =
(
%0aa + %
0
cc − %0bb
)
=
2(r − γb)Ω2c
Q , (B10)
From Eq.(B10) we obtain the no population inversion[64,
65]
(
%(0)aa + %
(0)
cc − %(0)bb < 0
)
condition as
γb > r. (B11)
We obtain %ab as
%(1)ab = −iΩb

[
%(0)aa − %(0)bb
]
ΓcbΓac +
[
%(0)cc − %(0)aa
]
Ω2c(
ΓcbΓab + Ω
2
c
)
Γac
 , (B12)
Substituting Eqs.(B7-B9) in Eq. (B12) gives,
%(1)ab = −iΩb
κ +
[
(γb + γc + 2Γcb)r − 2(γb + r)Γcb]Ω2c(
ΓcbΓab + Ω
2
c
)
Q
 .
(B13)
where κ = −(γb + γc)rΓca. In the strong drive field limit,
to observe gain in the probe transition requires Im%ab < 0
requires
γc > γb, (B14)
which means the rate of spontaneous decay in the driv-
ing transition |a〉 → |c〉 should be greater than probe
transition |a〉 → |b〉. Thus to observe gain without pop-
ulation inversion the rates should satisfy Eqs.(B11) and
(B14) simultaneously.
Appendix C: Three-Level Ξ-configuration: Gain with
uni-directional pump
Let us now consider the cascade/ladder scheme (as
shown in Fig. 2(b)) with a uni-directional pump from
the lower level |b〉 to the upper level |c〉 at a rate κ. To
the zeroth order approximation in the probe field we
obtained for the steady-state populations
%(0)aa =
κ(γaΓca + 2Ω2a)
R , (C1)
%(0)bb =
γb(γaΓca + 2Ω2a)
R , (C2)
%(0)cc =
κ(γbΓca + 2Ω2a)
R , (C3)
where R = κ(γbΓca + 2Ω2a) + (γb + κ)(γaΓca + 2Ω2a). Here
we also assumed resonant drive and probe excitation.
In the strong field limit Ωa  γb, γa, κ, we obtain the
non-inversion condition as
κ < γb (C4)
Also for gain we obtain
κ >
√
γbγa (C5)
Combining Eq.(C4,C5), the condition for gain without
population inversion gives [66]
√
γaγb < κ < γb, and γb > γa (C6)
We see from Eq.(C6) that the spontaneous emission rate
on the lasing and drive transition is opposite to that in
Lambda-configuration.
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1
FIG. 14: Three-level atom in which the transition |a1〉 → |b〉 and
|a2〉 → |b〉 are coupled to the vacuum modes
Appendix D: Vacuum-induced coherence
In this section we will briefly review interaction of
a three-level system with the vacuum. The three-level
atom has two closely spaced upper levels as shown in
Fig.(14). The interaction Hamiltonian in the interaction
picture is
V = ~
∑
k,α
[
g(a1b)k,α σ+aˆ
(1)
k,αe
ik·Rei(ωa1b−νk)t
+g(a2b)k,α σ+aˆ
(2)
k,αe
ik·Rei(ωa2b−νk)t + H.c
] (D1)
Redefining the coupling constant as gk,α(R) = gk,αeik·R,
we write Eq. (D1) as
V = ~
∑
k,α
[
g(a1b)k,α (R)σ+aˆ
(1)
k,αe
i(ωa1b−νk)t
+g(a2b)k,α (R)σ+aˆ
(2)
k,αe
i(ωa2b−νk)t + H.c
] (D2)
where the coupling constant gi jk,α and the atomic transi-
tion operator σi j are defined as
gi jk,α = −
℘i j · ek,αEk,α
~
(D3)
σi j = |i〉〈 j| (D4)
Here again we will assume (without the loss of gener-
ality) that the atom in the upper level |a1〉 at t = 0 and
the field modes are in the vacuum state |{0}〉. The state
vector at t > 0 is given by
|Ψ(t)〉 = Ca1 (t)|a1〉|{0}〉 + Ca2 (t)|a2〉|{0}〉+∑
k,α
Cb,k,α(t)|b〉|1k,α〉 (D5)
with Ca1 (0) = 1,Ca2 = 0 and Ck,α(0) = 0. The evolu-
tion equation for the state vector is governed by the
Schrodinger equation i~|Ψ˙(t)〉 =V|Ψ(t)〉which gives
C˙a1 (t) = −i
∑
k,α
g(a1b)k,α (R)e
i(ωa1b−νk)tCb,k,α(t) (D6)
C˙a2 (t) = −i
∑
k,α
g(a2b)k,α (R)e
i(ωa2b−νk)tCb,k,α(t) (D7)
C˙b,k,α(t) = −ig∗(a1b)k,α (R)e−i(ωa1b−νk)tCa1 (t)
−ig∗(a2b)k,α (R)e−i(ωa2b−νk)tCa1 (t)
(D8)
Solving for Cb,k,α(t) we obtain,
Cb,k,α(t) = −ig∗(a1b)k,α (R)
∫ t
0
e−i(ωa1b−νk)t′Ca1 (t
′)dt′
−ig∗(a2b)k,α (R)
∫ t
0
e−i(ωa2b−νk)t′Ca1 (t
′)
(D9)
Formal substitution of Eq.(D9) in Eq.(D6) we obtain
C˙a1 (t) = −
∑
k,α
|g(a1b)k,α (R)|2
∫ t
0
ei(ωa1b−νk)(t−t′)Ca1 (t
′)dt′
−
∑
k,α
g(a1b)k,α g
(a2b)
k,α
∫ t
0
ei[(ωa1b−νk)t−(ωa2b−νk)t′]Ca2 (t
′)dt′
(D10)
Using simple algebra, we can obtain
C˙a1 (t) = −
γ1
2
Ca1 (t) − p |℘
(a1b)||℘(a2b)|
6pi20c3~
∫ ∞
0
ν3kdνk
×
∫ t
0
ei[(ωa1b−νk)t−(ωa2b−νk)t′]Ca2 (t
′)dt′
(D11)
where the factor p is the most important dipole-
orientation term defined as
p =
℘(a1b) · ℘(a2b)
|℘(a1b)||℘(a2b)| (D12)
Let us consider that the splitting between the two levels
ω12 = ωa1b − ωa2b  ωa1b, ωa1b and using the Weiger-
Weiskopf and Markov approximation approximation[2],
we obtain
C˙a1 (t) = −
γ1
2
Ca1 (t) − p
√
γ1γ2
2
Ca2 (t)
∫ ∞
0
dνk
×
∫ t
0
ei[(ωa1 t−ωa2bt′)e−iνk(t−t′)]dt′
(D13)
Performing the integration over the frequency variable
and using the result
∫ ∞
0 e
−iνk(t−t′)dνk = δ(t − t′) we obtain
C˙a1 (t) = −
γ1
2
Ca1 (t) − p
√
γ1γ2
2
Ca2 (t)
×
∫ ∞
0
∫ ∞
0
ei[(ωa1 t−ωa2bt′)δ(t − t′)dt′
(D14)
Here we have neglected the Lamb-shift term. Thus we
arrive at the final form the Eq.(D14) as
C˙a1 (t) = −
γ1
2
Ca1 (t) − p
√
γ1γ2
2
Ca2 (t)e
iω12t (D15)
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FIG. 15: Two-level model. The decay rate from the levels |a〉
and |b〉 is given by γ while the rate of populating upper level
is r.
The second term is counterintuitive and results from the
coupling of the two transition with the vacuum modes.
Similarly we can obtain the evolution equation for C˙a2 (t)
as
C˙a2 (t) = −
γ1
2
Ca2 (t) − p
√
γ1γ2
2
Ca1 (t)e
−iω12t (D16)
To eliminate the fast oscillating term eiω12t we will make a
transformation Ca1 (t) = a1(t) and Ca2 (t) = a2(t)e−iω12t, thus
Eq.(D15),(D16) gives
a˙1(t) = −γ12 a1(t) − p
√
γ1γ2
2
a2(t) (D17)
a˙2(t) = −
(γ2
2
− iω12
)
a2 − p
√
γ1γ2
2
a1(t) (D18)
If we consider, degenerate upper levels then Eq.(D18)
gives
a˙2(t) = −γ22 a2 − p
√
γ1γ2
2
a1(t) (D19)
Thus even vacuum of electromagnetic field can induce
non-zero coherence between degenerate levels.
Appendix E: Density Matrix Vs Rate Equations for TLA
We consider a two level system with |a〉 and |b〉 as the
upper and the lower levels. Population from the two
levels decay out at a rate γ while the rate of populating
upper level is r. The density matrix equations are given
as
%˙aa = r − γ%aa − i
(
Ω∗%ab −Ω%∗ab
)
(E1)
%˙bb = −γ%bb + i
(
Ω∗%ab −Ω%∗ab
)
(E2)
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FIG. 16: Numerical simulation using the Rate equations. Using
the parameters γc = 30 ns−1.
%˙ab = −Γab%ab − iΩ (%aa − %bb) (E3)
The propagation equation for the field (Ω) in the slowly
varying amplitude approximation as
∂Ω
∂z
+
1
c
∂Ω
∂t
= iη%ab (E4)
where the coupling constant η is
η = νN℘2/20c~ (E5)
Substituting %˙ab = 0 in Eq.(E3) we obtain,
%ab = −i Ω
Γab
(
%aa − %bb) (E6)
Substituting Eq.(E6) in Eq.(E1) and Eq.(E2) we obtain,
%˙aa = r − γ%aa − 2Ω
2
Γab
(
%aa − %bb) (E7)
%˙bb = −γ%aa + 2Ω
2
Γab
(
%aa − %bb) (E8)
We obtain,
%˙aa − %˙bb = r − γ (%aa − %bb) − 4Ω2
Γab
(
%aa − %bb) (E9)
Assuming the spatial uniformity of the field and using
Eq.(E6), the propagation equation for the field gives,
dΩ
dt
=
cη
Γab
(
%aa − %bb)Ω (E10)
Using simple algebra we obtain (for real field)
dΩ2
dt
=
2cη
Γab
(
%aa − %bb)Ω2 (E11)
From the definition of Rabi frequency Ω and field am-
plitude Ewe can write,
Ω = ℘E/2~, E2 = n~ν/0V (E12)
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Here n is the number of photons. From Eq.(E11) and
Eq.(E12) we obtain,
dn
dt
=
℘2νN
0~ΓabV
(
%aa − %bb)n (E13)
From Eq.(E9) and Eq.(E12) we obtain,
%˙aa − %˙bb = r − γ (%aa − %bb) − ν℘20~Γab n (%aa − %bb) (E14)
Let us define some parameters to get our result in con-
sistent with[67]
Nab = NV
(
%aa − %bb) , Rp = NVr, K = ν℘20~ΓabV (E15)
Using new parameters, our equations takes the form
dn
dt
= KNabn, N˙ab = Rp − γNab − KnNab (E16)
To work on the numerical simulations we can use the
rate equations derived from the density matrix equa-
tions for different choices of T2. We have also added
the cavity decay term in the equation of motion for n
phenomenologically we gives us,
dn
dt
=
℘2νN
0~ΓabV
(
%aa − %bb)n − γcn (E17)
In Fig.16 we have plotted the population inversion and
number of photons generated. We can clearly see the
relaxation oscillations. To summarize, rate equations
can be derived from the density matrix or often known
as master equation when the relaxation rate of the off-
diagonal term %ab is high thus reaching steady-state value
much faster than any other time scale.. Similar equations
can also be easily obtained for three-level and the four-
level model for traditional lasing schemes.
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